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® a geometrical degree of freedom of FQH states

® New interpretation of Laughlin states

® Extra“Majorana” features of the Moore-Read
state
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® elementary unit of the FQHE fluid with v= p/q is a
“composite boson” of p electrons that exclude other
electrons from a region with ¢ London (h/¢e) flux quanta
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Origin of FQHE incompressibility is analogous to
origin of Mott-Hubbard gap in lattice systems.

There is an energy gap for putting an extra particle
in a quantized region that is already occupied

On the lattice the “quantized
region” is an atomic orbital with

a fixed shape €

In the FQHE only the area of

the “quantized region” is fixed. GZZFEY galp Tre:ents
. additional electrons

The shape must adjust to M ring the

minimize the correlation energy. region covered by the

composite boson
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® The metric (shape of the composite boson) has a
preferred shape that minimizes the correlation ! >

e
energy, but fluctuates around that shape \
§E o< (distortion)?

® The zero-point fluctuations of the metric are seen
as the O(¢") behavior of the “guiding-center

structure factor” (Girvin et al, (GMP), 1985)

® |ong-wavelength limit of GMP collective mode is
fluctuations of (spatial) metric (analog of “graviton”)

FDMH, Phys. Rev. Lett. 107, 116801 (2011)



1/3 Laughlin state If the central orbital is filled,
the next two are empty

The composite boson
has inversion symmetry

------

FUNE about its center
It has a “spin”
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the electron excludes other particles from
a region containing 3 flux quanta, creating a
potential well in which it is bound



® crucial new physics:

composite bosons couple to the combination

Gaussian curvature
of metric

charge of composite

boson guiding-center

“spin”’ of boson
g gauge field is peA,u (T) o hSQM (T)
A

related to analog of spin-connection
Wen and Zee 992

+ Chern-Simons



® metric deforms (preserving det g =1)in
presence of non-uniform electric field

fluid
compressed

by Gaussian
curvature!

potential \

near edge

produces a dipole momemt



® model FQH “wavefunctions” (Laughlin, Moore-
Read, Read-Rezayi,...) are related to Euclidean 2D
conformal theories characterized by a unimodular

2D Euclidean metric ¢, det ¢ = 1, that

determines the shape of their guiding-center
correlation functions

® The metric defines dimensionless complex
coordinates 2, z*

1 . ho\2
gz, T = )

® The metric is a continuously-variable “hidden”
variational parameter determined by minimizing
the correlation energy of the FQH state



® after Landau quantization, residual guiding center degrees of

freedom are non-commutative .
Landau orbit

radius vector
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> classical @

—_ <= 4 AR
r =R+ by L?nd?’u coordinate .Y &
quantization o !

.
"""""

antisymmetric guiding center
symbol 0 coordinate

R*, R’ = —izQBﬁab

guiding centers

® isomorphic to phase space, the :
P P P 4 cannot be localized

obey an uncertainty principle

within an area less
than 2%523




® The metric defines the shape of the coherent state at the center
of the “symmetric gauge” basis of guiding-center states

different choices of metric;:
(“squeezed” relative to each other)

® Guiding-center “spin” (rotation

operator) is defined by the metric [L(g),a'(9)] = a'(g)
a a I =0
L(g) = gg Ra pb a(9)|! 0(9()>( o
‘B Pm(9)) = Jm! [10(9))



® Model cft-based states such as the Laughlin state
have a constant (flat, rigidly-fixed) metric

® |n real FQH states of electrons contained in a
non-uniform background potential, the metric
varies locally and dynamically to allow the
incompressible fluid to adjust to non-uniform
flow induced by the background.

® The metric g,(7,t) then becomes an emergent
dynamical collective degree of freedom of the

FQH state.

FDMH, Phys. Rev. Lett. 107, 16801 (201 1)



® for the overcomplete non-orthogonal basis of
coherent states with metric gq, centered at 7 :

s(r1,1me) = (1r1|rg) = €172 271717 27272
implicit dependence on

|T‘> _ ez*aT —za |O> metric through definition of 2

@ cigenfunctions of s(r,m2) with non-null eigenvalues
provide an orthonormal basis of coherent state amplitudes

d*r’
S S(’l‘, ,r/)w)\ (’I“,) = 5,1 (r,a) sy =1 (degene.rate because of
27T€B translational symmetry)
1

Y = flz)e 27
v =1(2)

holomorphic

Note that ¢(r) is NOT a “lowest

Landau Schrodinger wavefunction: f :
it is UNRELATED to Landau orbits! unction




® |t is a common misconception that the Laughlin
state is fundamentally “a lowest Landau-level
wavefunction” of Galileian-invariant Landau levels

® The similarity to a lowest-LL wavefunction is entirely
accidental, as should have been clear when it was
also found in the second LL. The recent discovery
that Laughlin-like states occur in “flat band” Chern
insulators now makes this entirely clear!

® The holomorphic character of the Laughlin state is
entirely a property of the “quantum geometry” of the

flat band (Landau level) encoded in s(71,72), which in
turn depends on the choice of metric gqy.




® This is a general structure of “flat band”
models:
Tt

5 C; CjCjCi

has local gauge invariance under

T ip; T
c, —erlc

® No kinetic energy; particle dynamics
instead derives from non-orthogonality

Sz'j — <Z |j> “quantum geometry”
of “fuzzy lattice”

d%2 =1—|S12| Si2=8(r1,72) 512593531 = | 812523551 |'¥123
quantum distance triangle Berry phase




® Laughlin 1/3 state (U(1)3 topological order)

1/3 1%, 1/3 .
(g H/W2 25 (e, )

multiparticle coherent
state with metric g

Fé/g(zl, PR ZN) — H(ZZ — Zj)g
i<j
2
— J1(001)001 1001(7517 ...y ZN)

Antisymmetric Jack polynomial characterized by a
“root occupation” obeying “exclusion statistics’” (not

more than 1 particle in any 3 consecutive “orbitals™)

(“antisymmetric Jack” = symmetric Jack x vandermonde factor)

see B.A. Bernevig and FDMH, Phys. Rev. Lett. 102, 066802 (2009)



® Antisymmetric Jacks J? with Jack parameter
-2 and roots satisfying exclusion statistics

span the space of the 1/3 Laughlin state plus
abelian quasiholes

® Jacks are a series in the root configuration,
plus all configurations obtained by pairwise
squeezing” the root.

® Example:

Jl_o%n(zleQ) = (21 — 22)3

= (5123 — %21) = 3(2123 — %21)

201292; 1\(‘)02 “squeezing”

0110 @ pair



® |aughlin vacuum state: all groups of 3
consecutive orbitals in root have exactly

one occupied orbital (no holes)

100[LO0LOOLOO[L00) - - -
0[LOOILOOIL00J100J100] - - - -¢/3 quasihole
11000{100/LO0L00ILO0[LO0f - - - +e/3 quasiparticle
droplet of

2/5 state «—— Jain/hierarchy state

1100/100[1001L00[100[100] - - - +2e/3 quasiparticle

dz"/%Pslg t(e)f‘_ Moore-Read state

® These quasiparticle states are not Jacks, but are
unique when the squeezing principle is applied.




® interestingly, the two unique quasiparticle
states coincide exactly with the beginning
and end of Jain’s quasiparticle sequence

Landau level

_ e ——— 3

—.— — — — T —— E— e o o n:2

(ap)2 — e e e

Jain’s “composite fermion” recipe for constructing (qp)»:

e Fill the lowest LL; add an extra particle in the central orbital of LL with
index n > 0

e multiply by (vandermonde)?, project into lowest LL.



11000{100100[L00[100100- - - (gp)1

droplet of
2/5 state
IR00[ 000 OOLOO[LOO[L00]- - -]  (ap)-
I200[L00L000[LO0LO0[L00]- - -]  (ap)s
I00[ 00000000000 - -] (qp)a4
OO O0LOOL 000000 - - - (aP) oo
droplet of
2/4 state

® These unique states coincide with Jain’s construction,
but now (gp)» is seen to represent the progressive

removal of a quasihole from (qp): leading to (qp)«

FDMH and Bo Yang, in preparation



® the |/3 Laughlin state collective mode

e
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Numerical exact diagonalization ( short-range repulsion)

unfortunately, Iong-wavelength limit (“graviton” ) of
collective mode is hldden in two roton continuum’
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® The non-abelian Moore-Read 2/4 state has

P24 (Pf ! .)H(zi—zj)Z

 1—3
— 11001100...0011(217 ‘e aZN)

® |ack parameter is now -3; exclusion statistics
is “‘not more than 2 particles in 4 consecutive
orbitals”

® Topological orderis U(1)s x Z» (Ising)

neutral
Majorana
Fermions

1/8 Laughlin state X
of charge-2¢e bosons



® Moore-Read quasiholes
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® The two Abelian quasiholes are
distinguishable: one has a peak in electron
density at the origin (the unpaired electron)
the other has a zero density there.

Moore-Read vacuum

Abelian charge -¢/2

h/e vortex, even
fermion number

Abelian charge -¢/2

h/e vortex, odd
fermion number



two Moore-Read vortices (fused)
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FIG. 4: The particle density for fused probes as function
of distance from the fusing point. Left/right panel refers
to odd/even number of electrons. On the left, the different
curves correspond to N/Ny=9/16, 11/20, 13/24, 15/28 and,
on the right, the different curves correspond to N/N,=10/18,
12/22, 14/26, 16/30.
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® When the abelian quasiholes fractionalize, their
fermion parity becomes locally indistinguishable:
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® |f a Majorana zero mode is present at the origin,

101010101010100

L

6160‘! 1 =0

® This may be used to localize Majorana zero modes
at points on a Riemann sphere

® Toy model: put four Majorana zero \
modes in a tetrahedral pattern on a
sphere with fixed fermion parity:
this leaves a single qubit. The two
states can be resolved using
tetrahedral symmetry




single-Partide m=1 two- Tetrahedral arrangement of
4 MR h/2e vortices,

density particle density (14 electrons, 28 orbitals)

One qubit is left after
positions of vortices are fixed.

Sphere is mapped to unit
disk.

the qubit doublet is

split by the Coulomb
interaction, both states are
shown. THE SPLITTING
AND LOCAL DIFFERENCE
BETWEEN THE TWO
STATES IS EXPECTED TO
DISAPPEAR AS THE
SYSTEM SIZE INCREASES.




® collective mode of 2/4 Moore-Read

bosonic

L=0 vacuum

L=2 “graviton”
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quasiparticle quasihole

(droplet of Read-
Rezayi 3/5 state)
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L = 3/2 fermionic
“gravitino ?”



Moore-Read state (model 3-body repulsive potential)
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® anyon quasiparticle + quasihole combine as
neutral boson or neutral fermion

® graviton or gravitino for k= 0!
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Figure 4.2: The variational energy of the model wavefunctions for the magneto-
roton (MR) mode and the neutral fermion (NF) mode, evaluated against the 3-body
Hamiltonian. The data is generated from system sizes ranging from 5 to 17 electrons,
where the odd number of electrons contribute to the NF mode, and the even number
of electrons contribute to the magneto-roton mode. (The inset shows the same plot
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(2013)



® Geometric action (Laughlin state) electromagnetic

(after Chern-Simons fields are integrated over) gauge Potentials
_ spin connection
_ 3 |
g = dBx Lo — Ho of metric

o | /

po— e’ ped, — sQ9 0, (peAy —!s0%)

Ly =

(reduces to electromagnetic Chern-Simons action when s = 0 (integer QHE))

Ho = JOU(J%) 1=,

2mpqh
¢

(peB — hng)

energy Gaussian curvature
function R g
Jy =€ 0, {23

correlation g posite-boson
energy density density



® Open question:
what is full 2+1d Chern-Simons + electromagnetism

+ geometry description of Moore-Read State?

even without geometry the
Chern-Simons Moore-Read picture

seems surprisingly to be not fully
settled!

speculation:

The Majorana field enters in addition to Chern-Simons

® The Majorana field enters in the description as an additional
element to Chern-Simons

® |tis“spin”less and couples to Gaussian curvature itself, not the
spin-connection gauge field.

® Possible supersymmetry in cases of vanishingly small Gaussian
curvature (when coupling becomes small) as in k — 0 limit of
collective mode

more can be found at:

http://wwwphy.princeton.edu/~haldane/talks/
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