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exchange of 
p fermions

Berry phase
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composite
is a boson

Statistical selection rule

the rule formerly known as 
“odd-denominator”, 
(but Moore-Read has p=2, q=4)

• elementary unit of the  FQHE  fluid with ν= p/q is a 
“composite boson” of p electrons that exclude other 
electrons from a region with q London (h/e)  flux quanta
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• Origin of FQHE incompressibility is analogous to 
origin of Mott-Hubbard gap in lattice systems.

• There is an energy gap for putting an extra particle 
in a quantized region that is already occupied

• On the lattice the “quantized 
region” is an atomic orbital with 
a fixed shape

• In the FQHE only the area of 
the “quantized region” is fixed.  
The shape  must adjust to 
minimize the correlation energy.

e-

energy gap prevents 
additional electrons 
from entering the 

region covered by the 
composite boson



• The metric (shape of the composite boson) has a 
preferred shape that minimizes the correlation 
energy, but fluctuates around that shape

• The zero-point fluctuations of the metric are seen 
as the O(q4) behavior of the “guiding-center 
structure factor” (Girvin et al, (GMP), 1985)

• long-wavelength limit of GMP collective mode is 
fluctuations of (spatial) metric (analog of “graviton”) 

�E / (distortion)
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FDMH, Phys. Rev. Lett. 107, 116801 (2011)
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the electron  excludes other particles from 
a region containing  3 flux quanta, creating a 
potential well in which it is bound

1/3  Laughlin state If the central orbital is filled, 
the next two are empty

The composite boson
has inversion symmetry

about its center

It has a “spin”
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• crucial new physics: 

composite bosons couple to  the combination

peB(r)� ~sK(r)

charge of composite
boson guiding-center

“spin” of boson

Gaussian curvature
of metric

* gauge field is peAµ(r)� ~s⌦µ(r)

analog of spin-connectionrelated to
Wen and Zee 1992

+ Chern-Simons



• metric deforms (preserving det g =1)in 
presence of  non-uniform electric field

potential 
near edge

fluid 
compressed
by Gaussian 
curvature!

produces a dipole momemt



• model  FQH “wavefunctions” (Laughlin, Moore-
Read, Read-Rezayi,...) are related to Euclidean 2D 
conformal theories characterized by a unimodular 
2D Euclidean metric  gab, det g = 1,  that 
determines the shape of their guiding-center 
correlation functions

• The metric defines dimensionless complex 
coordinates z, z*

• The metric is a continuously-variable “hidden” 
variational parameter  determined by minimizing 
the correlation energy of the FQH state
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• after Landau quantization, residual guiding center degrees of 
freedom are non-commutative

r = R+ R̃
eliminated
by Landau 

quantization

[Ra, Rb] = �i`2B✏
ab

• isomorphic to phase space, they 
obey an uncertainty principle

guiding centers 
cannot be localized 
within an area less 
than 2⇡`2B

Landau orbit
radius vector

⇥

O

r
R

R̃classical
coordinate

guiding center
coordinate

e�

antisymmetric 
symbol



• The metric defines the shape of the coherent state at the center 
of the “symmetric gauge” basis of guiding-center states

central
coherent

state

| m(g)i = (a  (g))mp
m!

| 0(g)i

a(g)|! 0(g)i = 0
L(g) =

gab
2! 2

B

RaRb

[L(g), a†(g)] = a†(g)
• Guiding-center “spin” (rotation 

operator) is defined by the metric

different choices of metric:
(“squeezed” relative to each other)

| 0(g)i



• Model cft-based states such as the Laughlin state 
have a constant (flat, rigidly-fixed) metric

• In real FQH states of electrons contained in a 
non-uniform background potential, the metric 
varies locally and dynamically to allow the 
incompressible fluid to adjust to non-uniform 
flow induced by the background.

• The metric                then becomes an emergent 
dynamical collective degree of freedom of the 
FQH state.

gab(r, t)

FDMH, Phys. Rev. Lett. 107, 116801 (2011)



• eigenfunctions of s(r1,r2) with non-null eigenvalues 
provide an orthonormal basis of coherent state amplitudes

• for the overcomplete non-orthogonal basis of 
coherent states with metric gab, centered at r :

s(r1, r2) ⌘ hr1|r2i = ez
⇤
1z2e�

1
2 z

⇤
1z1e�
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2 z

⇤
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⇤a†�za|0i

Z
d2r0
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s(r, r0) �(r

0) = s� �(r) (degenerate because of
 translational symmetry)

s� = 1

 � = f(z)e�
1
2 z

⇤z

holomorphic
function

Note that ψ(r) is NOT a  “lowest 
Landau Schrödinger wavefunction”: 
it is UNRELATED to Landau orbits!

implicit dependence on
metric through definition of z



• It is a common misconception that the Laughlin 
state is fundamentally “a lowest Landau-level 
wavefunction” of Galileian-invariant Landau levels 

• The similarity to a lowest-LL wavefunction is entirely 
accidental, as should have been clear when it was 
also found in the second LL.   The recent discovery 
that Laughlin-like states occur in “flat band” Chern 
insulators now makes this entirely clear!

• The holomorphic character of the Laughlin state is 
entirely a property of the “quantum geometry” of the 
flat band (Landau level) encoded in s(r1,r2), which in 
turn depends on the choice of metric gab.



• This is a general structure of “flat band” 
models:

H =
X

i<j

Vijc
†
i c

†
jcjci

 has local gauge invariance under

ci|vaci = 0
|ii = c†i |vaci
hi|ii = 1

• No kinetic energy; particle dynamics 
instead derives from non-orthogonality 

quantum distance triangle Berry phase

Sij = hi|ji

c†i 7! ei'ic†i

“quantum geometry” 
of “fuzzy lattice”



• Laughlin 1/3 state  (U(1)3 topological order)

| 1/3
L (g)i =

Y

i

Z
d2ri
2⇡`2B

e�
1
2 z

⇤
i ziF 1/3

L (z1, . . . zN )|r1, . . . rN ; gi
multiparticle coherent 
state with metric gab

F 1/3
L (z1, . . . zN ) =

Y

i<j

(zi � zj)
3

= J (�2)
1001001...1001(z1, . . . , zN )

Antisymmetric Jack polynomial characterized by a 
“root occupation” obeying “exclusion statistics” (not 
more than 1 particle in any 3 consecutive “orbitals”)

(“antisymmetric Jack” = symmetric Jack x vandermonde factor)

see B. A. Bernevig and FDMH, Phys. Rev. Lett. 102, 066802 (2009) 



• Antisymmetric Jacks J-2 with Jack parameter 
-2 and roots satisfying exclusion statistics 
span the space of the 1/3 Laughlin state plus 
abelian quasiholes

• Jacks are a series in the root configuration, 
plus all configurations obtained by pairwise 
squeezing” the root.

• Example:

J�2
1001(z1, z2) = (z1 � z2)

3

1001

0110

1001 “squeezing”
a pair

= (z31z
0
2 � z32z

0
1)� 3(z21z

1
2 � z22z

1
1)

z0z1z2z3



• Laughlin vacuum state: all groups of 3 
consecutive orbitals in root have exactly 
one occupied orbital (no holes)

100100100100100 . . .0

100100100100100 . . .11000

100100100100100 . . .1100

100100100100100 . . .

-e/3 quasihole

+e/3 quasiparticle
droplet of
2/5 state

+2e/3 quasiparticle
droplet of
2/4 state

Jain/hierarchy state

Moore-Read state

• These quasiparticle states are not Jacks, but are 
unique when the squeezing principle is applied.



• interestingly,  the two unique quasiparticle 
states coincide exactly with the beginning 
and end of Jain’s quasiparticle sequence

. . .

. . .

. . .

. . . n=3
n=2
n=1
n=0

Landau level

(qp)2

Jain’s “composite fermion” recipe for constructing  (qp)n:

• Fill the lowest LL;  add an extra particle in the central orbital of LL with 
index n > 0 

• multiply by (vandermonde)2, project into  lowest  LL.
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droplet of
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..
.

droplet of
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• These unique states coincide with Jain’s construction, 
but now (qp)n is seen to represent the progressive 
removal of a quasihole from (qp)1 leading to (qp)∞

FDMH and Bo Yang, in preparation



Figure 4.1: The variational energy of the model wavefunctions defined by Eqn (2)
and (3), against V

1

(left axis, arbitrary units) and Coulomb Hamiltonian (right axis,
in units of e2/✏`B), plotted as a function of momentum. The data is generated from
system sizes ranging from 6 to 12 electrons (the inset shows the same plot for the
bosonic Laughlin state).

size e↵ects. For the model V
1

Hamiltonian and Coulomb Hamiltonian, the dispersion

obtained using the model wavefunction is in excellent agreement with the results from

exact diagonalization, both in small k and large k regime. The model wavefunctions

compare favorably with the exact diagonalization eigenstates, with 99% overlap for

10 electrons.
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• the 1/3 Laughlin state collective mode
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. . .100100 10010010011000 0

L = 0. . .100100100100100100100
L = 2

L = 3

L = 4
..
.

Laughlin gs

“graviton”
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approximation” in long-wavelength limit L →2
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The interaction also has rotational invariance if

ṽ(q) = ṽ(qg), q2g ≡ gabqaqb, (6)

where gab is the inverse of a positive-definite unimodular
(determinant = 1) metric gab; this will only occur if the
shape of the Landau orbits are congruent with the shape
of the Coulomb equipotentials around a point charge on
the surface. In practice, this only happens when there is
an atomic-scale three-fold or four-fold rotation axis nor-
mal to the surface, and no “tilting” of the magnetic field
relative to this axis, in which case gab = ηab.
I will assume that translational symmetry is unbroken,

so 〈c†αcα′〉 = νδαα′ , where ν is the “filling factor” of the
Landau level. (In a 2D system, this will always be true
at finite temperatures, but may break down as T → 0).
Then 〈ρ(q)〉 = 2πνδ2(q&B). Note that the fluctuation
δρ(q) = ρ(q) − 〈ρ(q)〉 also obeys the algebra (4). I will
define a guiding-center structure factor s(q) = s(−q) by

1
2 〈{δρ(q), δρ(q

′)}〉 = 2πs(q)δ2(q&B + q′&B). (7)

This is a structure factor defined per flux quantum, and is
given in terms of the GMP structure factor s̄(q) of Ref.[1]
(defined per particle) by s(q) = νs̄(q). I also define sa(q)
≡ ∂s(q)/∂qa, sab(q) ≡ ∂2s(q)/∂qa∂qb, etc.
In the “high-temperature limit” where |v(r)| & kBT

for all r, but kBT remains much smaller than the gap
between Landau levels, the guiding centers become com-
pletely uncorrelated, with 〈c†αcα′c†βcβ′〉 − 〈c†αcα′〉〈c†βcβ′〉

→ s∞δαβ′δβα′ , with s∞ = ν + ξν2, where ξ = −1
if the particles are spin-polarized fermions, and ξ =
+1 if they are bosons (which may be relevant for
cold-atom systems). Note that for all temperatures,
limλ→∞ s(λq) = s∞, while s(0) = limλ→0 s(λq) =
kBT/

(

∂2f(T, ν)/∂ν2
∣

∣

T

)

, where f(T, ν) is the free en-
ergy per flux quantum. s(0) vanishes at T = 0, and at
all T if ṽ(λq) diverges as λ → 0; the high temperature
expansion at fixed ν, for r̃q ≡ eaεabqb&2B, is

s(q)− s∞
(s∞)2

= −

(

ṽ(q) + ξv(r̃q)

kBT

)

+O

(

1

T 2

)

. (8)

The correlation energy per flux quantum is given by

ε̄ =

∫

d2q&2B
4π

ṽ(q) (s(q)− s∞) . (9)

The fundamental duality of the structure function (al-
ready apparent in (8), and derived below) is

s(q)− s∞ = ξ

∫

d2q′&2B
2π

eiq×q′$2B (s(q′)− s∞) . (10)

This is valid for a structure function calculated us-
ing any translationally-invariant density-matrix, and as-
sumes that no additional degrees of freedom (e.g., spin,
valley, or layer indices) distinguish the particles.

Consider the equilibrium state of a system with tem-
perature T and filling factor ν with the Hamiltonian
(2). The free energy of this state is formally given by
F [ρ̂eq], where ρ̂eq(T, ν) is the equilibrium density-matrix
Z−1 exp(−H/kBT ) and F [ρ̂] is the functional

F [ρ̂] = Tr (ρ̂(H + kBT log ρ̂)) , (11)

which, for fixed ν, is minimized when ρ̂ = ρ̂eq. The
APD corresponding to a shear is Ra → Ra + εabγbcRc,
parametrized by a symmetric tensor γab = γba. Let ρ̂(γ)
= U(γ)ρ̂eqU(γ)−1, where U(γ) is the unitary operator
that implements the APD, and F (γ) ≡ F [ρ̂(γ)] = F [ρ̂eq]
+ O(γ2), which is is minimized when γab = 0. The free
energy per flux quantum has the expansion

f(γ) = f(T, ν) + 1
2G

abcd(T, ν)γabγcd +O(γ3), (12)

where Gabcd = Gbacd = Gcdab. The “guiding-center shear
modulus” (per flux quantum) of the state is given by Gac

bd
= εbeεdfGaecf , with Gac

bd = Gca
db, and Gac

bc = 0. (Note
that in a spatially-covariant formalism, both stress σa

b
(the momentum current) and strain ∂cud (the gradient
of the displacement field) are mixed-index tensors that
are linearly related by the elastic modulus tensor Gac

bd.)
The entropy is left invariant by the APD, and the only
affected term in the free energy is the correlation energy,
which can be evaluated in terms of the deformed struc-
ture factor s(q, γ), given by

s∞ + ξ

∫

d2q′&2B
2π

eiq×q′$2B (s(q′)− s∞)eiγ
abqaq

′

b$
2

B , (13)

with γab ≡ εacεbdγcd. This gives Gabcd(T, ν)γabγcd as

γabγcdε
aeεcf

∫

d2q&2B
4π

ṽ(q)qeqfs
bd(q;T, ν). (14)

Assuming only that the ground state |Ψ0〉 of (2) has
translational invariance, plus inversion symmetry (so it
has vanishing electric dipole moment parallel to the 2D
surface), GMP[1] used the SMA variational state |Ψ(q)〉
∝ ρ(q)|Ψ0〉 to obtain an upper bound E(q) ≤ f(q)/s(q)
to the energy of an excitation with momentum !q (or
electric dipole moment eeaεabqb&2B), where

f(q) =

∫

d2q′&2B
4π

ṽ(q′)
(

2 sin 1
2q × q′&2B

)2
s(q′, q),

s(q′, q) ≡ 1
2 (s(q

′ + q) + s(q′ − q)− 2s(q′)) . (15)

Other than noting it was quartic in the small-q limit,
GMP did not not offer any further interpretation of f(q).
It can now be seen to have the long-wavelength behavior

lim
λ→0

f(λq) → 1
2λ

4Gabcdqaqbqcqd&
4
B, (16)

and is controlled by the guiding-center shear-modulus.
Then the SMA result is, at long wavelengths, at T = 0,

E(q)s(q) ≤ 1
2G

abcdqaqbqcqd&
2
B. (17)

Numerical exact diagonalization ( short-range repulsion)

unbroken
2D inversion

symmetry



• The non-abelian Moore-Read  2/4 state has

F 2/4
MR =

✓
Pf
ij

1

zi � zj

◆Y

i<j

(zi � zj)
2

= J�3
11001100...0011(z1, . . . , zN )

• Jack parameter is now -3; exclusion statistics 
is “not more than 2 particles in 4 consecutive 
orbitals”

• Topological order is U(1)8 × Z2  (Ising)

1/8 Laughlin state 
of charge-2e bosons

× 
neutral

Majorana
Fermions



• Moore-Read quasiholes

110011001100 11001100 . . .

0110011001100 11001100 . . .

Moore-Read vacuum

Abelian charge -e/2
h/e vortex, even 
fermion number

110011001100 11001100 . . .100 Abelian charge -e/2
h/e vortex, odd 
fermion number

• The two Abelian quasiholes are 
distinguishable: one has a peak in electron 
density at the origin (the unpaired electron) 
the other has a zero density there.



 two Moore-Read vortices (fused)
7

!"#$%&'( !"#$%&'(

FIG. 3: The spectrum of H(w1, w2)�H0 as function of distance
between the probes, which are moved along the meridians
(�, ⇤ = 0) and (�, ⇤ = ⇥), with � increasing from 0 to ⇥/2.
The left /right column corresponds to odd/even number of
electrons. Starting from the top, the left panels correspond
to N/N�=9/16, 11/20, 13/24, 15/28 and the right panels to
N/N�=10/18, 12/22, 14/26, 16/30.

number of electrons). In this cases, the total many-body
Hilbert spaces have staggering dimensions of 77,558,760
and 300,540,195, respectively. In this extremely large
Hilbert spaces, we find a number of zero modes of H(2,2)

equal to 36 in the first case and 45 in the second case
(in total agreement with Eq. (22)). If we fix w1 and w2

and diagonalize H(w1, w2)�H0 , we find one zero mode
for both cases, with a precision better than 10�12. Of

FIG. 4: The particle density for fused probes as function
of distance from the fusing point. Left/right panel refers
to odd/even number of electrons. On the left, the di�erent
curves correspond to N/N�=9/16, 11/20, 13/24, 15/28 and,
on the right, the di�erent curves correspond to N/N�=10/18,
12/22, 14/26, 16/30.

course, finding these zero modes would have been impos-
sible without taking full advantage of the translational
symmetry at the first step.

To visualize a state, we compute the corresponding
particle density and pair amplitude as functions of posi-
tion on the sphere. The latest is given by the expectation
value of �(2,2)(w)†�(2,2)(w). A plot of these quantities
for the zero modes discussed above, is shown in Fig. 2.
The positions of the probes were chosen as (⇥=⌅/2,⇧=0)
and (⇥=⌅/2,⇧ = ⌅), so that we have maximum possi-
ble separation between the trapped anyons. One can see
that, because the anyons are far apart, there is no visi-
ble di�erence between even and odd cases (or S=0 and
S=1). This is precisely what one should see in a topolog-
ical degeneracy. As we shall see, things look completely
di�erent when we bring the anyons close to each other.
Other things to remark about Fig. 2 are the fact that the
density is finite while the pair amplitude is exactly zero
at the probe locations and the fact that the two anyons
appear to be totally separated.

Let us take a few lines here and explain our plots.
Quantities that depend on the position on the sphere will
be shown as surface plots, with the quantity of interest
on the z axis. The cartesian coordinates x and y describe
points of the sphere. If ⇥ and ⇧ are the usual angles on
the sphere, then the relation between (⇥,⇧) and (x, y) is
given by ⇥=

�
x2 + y2 and ⇧=arctan(y/x).

Next, we take a look at the spectrum of H(w1, w2)�H0

as function of probe separation, d(⇥) =
�

N⇥ sin �
2 , grad-

ually increasing the number of electrons from 9 to 16.
For each size, the probes were moved along the merid-
ians (⇥,⇧=0) and (⇥,⇧=⌅), with ⇥ increasing from 0 to
⌅/2. The strength of the probe potential was fixed at
⇤=1. The results are shown in Fig. 3, where each panel
displays a number of bands (equal to
dimH0), each of them representing the flow of one eigen-
value with the distance d. There is one and only one
eigenvalue that remains strictly zero (within a numerical
error that is less than 10�12!). The energy gap separat-
ing the zero mode from the rest of the spectrum goes to

100110011001100110011 . . . 011001100110011001100 . . .

unpaired electron at North pole



• When the abelian quasiholes fractionalize, their 
fermion parity becomes locally indistinguishable:

0110011001100 11001100 . . .

11001100 11001100 . . .10100
⇤

⇤ ⇤

⇤

⇤

1100 11001100 . . .101010100
⇤⇤

11001100 . . .1010101010100⇤⇤
= �e/4 Majorana zero mode

} even
fermion
parity

11001100 . . .
⇤⇤

101010101010100
odd

fermion
parityodd number of 1’s

even number of 1’s



• If a Majorana zero mode is present at the origin,

101010101010100⇤
c1c0|! ! = 0

• This may be used to localize Majorana zero modes 
at points on a Riemann sphere

• Toy model: put four Majorana zero 
modes in a tetrahedral pattern on a 
sphere with fixed fermion parity: 
this leaves a single qubit.  The two 
states can be resolved using 
tetrahedral symmetry

⇤ ⇤⇤

⇤



single-particle 
density

m=1  two-

particle density

Tetrahedral arrangement of 
4 MR  h/2e vortices, 
(14 electrons, 28 orbitals)

Sphere is mapped to unit 
disk.

the qubit doublet  is 
split by the Coulomb 
interaction, both states are 
shown.THE SPLITTING 
AND LOCAL DIFFERENCE 
BETWEEN THE TWO 
STATES IS EXPECTED TO 
DISAPPEAR  AS THE 
SYSTEM SIZE INCREASES.

One qubit is left after  
positions of vortices are fixed.



• collective mode of  2/4 Moore-Read

110011001100 11001100 . . .

1100 11001100 . . .11100100⇤
Non-abelian
charge -e/4
quasihole

L = 0

Non-abelian
charge +e/4
quasiparticle

L = 2

(droplet of Read-
Rezayi 3/5 state)

bosonic

1100 11001100 . . .11100⇤0
L = 3/2 fermionic

vacuum

“graviton”

“gravitino ??”
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bosonic “roton”

k�B

Moore-Read state (model 3-body repulsive potential)

•  anyon quasiparticle + quasihole combine as 
neutral boson or neutral fermion

• graviton or gravitino for k= 0?



Figure 4.2: The variational energy of the model wavefunctions for the magneto-
roton (MR) mode and the neutral fermion (NF) mode, evaluated against the 3-body
Hamiltonian. The data is generated from system sizes ranging from 5 to 17 electrons,
where the odd number of electrons contribute to the NF mode, and the even number
of electrons contribute to the magneto-roton mode. (The inset shows the same plot
for the bosonic Moore-Read state)
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Bo Yang
thesis
(2013)

???
degenerate

at k=0
???

⌫ = 2/4
⌫ = 2/2



• Geometric action (Laughlin state)

S =
!

d3xL0 �H0

(reduces to electromagnetic Chern-Simons action when s = 0 (integer QHE))

H 0 = J0U(J0g) J0 =
1

2⇡pq~
�
peB � ~sJ0

g

�

Gaussian curvature

L0 =
1

4⇡pq!
✏µ⌫�
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• Open question:
what is full 2+1d Chern-Simons + electromagnetism 
+ geometry description of Moore-Read State?

speculation: 
The Majorana field enters in addition to Chern-Simons

 • The Majorana field enters in the description as an additional 
element to Chern-Simons

• It is “spin”less and couples to Gaussian curvature itself, not the 
spin-connection gauge field.

• Possible supersymmetry in cases of vanishingly small Gaussian 
curvature (when coupling becomes small) as in k ⇾ 0 limit of 
collective mode

even without geometry the 2+1d 
Chern-Simons Moore-Read picture 
seems surprisingly to be not fully 
settled!

http://wwwphy.princeton.edu/~haldane/talks/
more can be found at:

http://wwwphy.princeton.edu/~haldane/talks/aps2013.pdf
http://wwwphy.princeton.edu/~haldane/talks/aps2013.pdf
http://wwwphy.princeton.edu/~haldane/talks/aps2013.pdf

